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HOMOTOPY, ∆-EQUIVALENCE AND CONCORDANCE FOR
KNOTS IN THE COMPLEMENT OF A TRIVIAL LINK
THOMAS FLEMING, TETSUO SHIBUYA, TATSUYA TSUKAMOTO
AND AKIRA YASUHARA
Dedicated to Professor Kunio Murasugi on his 80th birthday
Abstract. Link-homotopy and self ∆-equivalence are equivalence relations on
links. It was shown by J. Milnor (resp. the last author) that Milnor invariants de-
termine whether or not a link is link-homotopic (resp. self ∆-equivalent) to a trivial
link. We study link-homotopy and self ∆-equivalence on a certain component of a
link with fixing the rest components, in other words, homotopy and ∆-equivalence
of knots in the complement of a certain link. We show that Milnor invariants de-
termine whether a knot in the complement of a trivial link is null-homotopic, and
give a sufficient condition for such a knot to be ∆-equivalent to the trivial knot.
We also give a sufficient condition for knots in the complements of the trivial knot
to be equivalent up to ∆-equivalence and concordance.
1. Introduction
For an ordered and oriented n-component link L, the Milnor invariant µL(I) is
defined for each multi-index I = i1i2...im with entries from {1, ..., n} [17, 18]. Here
m is called the length of µL(I) and denoted by |I|. Let r(I) denote the maximum
number of times that any index appears in I. Hence any index appear in I at most
r(I) times. It is known that if r(I) = 1, then µL(I) is a link-homotopy invariant [17],
where link-homotopy is an equivalence relation on links generated by self crossing
changes.
While Milnor invariants are not strong enough to give a link-homotopy classifica-
tion for links, they determine whether a link is link-homotopic to a trivial link or
not. In fact, it is known that a link L in S3 is link-homotopic to a trivial link if and
only if µL(I) = 0 for any I with r(I) = 1 [17, 9].
Even if a link is link-homotopic to a trivial link, it is not necessarily true that
a certain component of the link is null-homotopic in the complement of the other
components. In this paper, we study homotopy of knots in the complement of a
certain link.
Although Milnor invariants µ(I) with r(I) ≥ 2 are not necessarily link-homotopy
invariants, we have the following. The ‘only if’ part holds for more general setting,
see Proposition 4.1.
Theorem 1.1. Let L = K0 ∪K1 ∪ · · · ∪Kn be an (n + 1)-component link such that
L −K0 is a trivial link. Then K0 is null-homotopic in S3 \ (L −K0) if and only if
µL(I0) = 0 for any multi-index I with entries from {1, ..., n}.
The last author is partially supported by a Grant-in-Aid for Scientific Research (C) (#20540065)
of the Japan Society for the Promotion of Science.
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Remark 1.2. (1) In the theorem above the condition that L − K0 is a trivial link
is essential. Let K be a non-trivial knot and K ′ be the longitude of a tubular
neighbourhood ofK. Then the link L = K∪K ′ is a boundary link, i.e., its components
bound disjoint orientable surfaces. Hence the all Milnor invariants of L vanish. (Note
that L is link-homotopic to a trivial link.) On the other hand, since K is a non-trivial
knot, it follows from Dehn’s lemma that K ′ is not null-homotopic in S3 \ K [25,
Chapter 4, B.2].
(2) In [33, Example 6.4], the last author gave a 3-component link L = K1 ∪K2 ∪K3
such that Ki is null-homotopic in S
3\(L−Ki) (i = 2, 3) and K1 is not null-homotopic
in S3 \ (L−K1).
A link is Brunnian if every proper sublink of it is trivial. In particular, trivial
links are Brunnian. By Theorem 1.1, we have the following corollary. This gives a
characterization of Brunnian links, where each component is null-homotopic in the
complement of the rest of the components.
Corollary 1.3. For an n-component Brunnian link L, the ith component K is null-
homotopic in S3\(L−K) if and only if µL(Ii) = 0 for any multi-index I with entries
from {1, ..., n} \ {i}.
Remark 1.4. In the last section, we give a 3-component Brunnian link L such that L
is link-homotopic to a trivial link, and each component K of L is not null-homotopic
in S3 \ (L −K) (Example 6.1). There are no such examples for 2-component links,
since a knot in the complement of the trivial knot is null-homotopic if and only if
it is null-homologous. Hence, for a 2-component Brunnian link, the following three
conditions are mutually equivalent: (i) It is link-homotopic to a trivial link. (ii) The
linking number vanishes. (iii) each component is null-homotopic in the complement
of the other component.
Let L = K0 ∪ K1 ∪ · · · ∪ Kn be an (n + 1)-component link. If L − K0 bounds
a disjoint union F of orientable surfaces F1, ..., Fn with ∂Fi = Ki (i = 1, ..., n) and
F ∩ K0 = ∅, then by [4, Section 6], µL(I0) = 0 for any multi-index I with entries
from {1, ..., n}. By combining this and Theorem 1.1, we have the following corollary.
Corollary 1.5. Let L = K0 ∪K1 ∪ · · · ∪Kn be an (n+ 1)-component link such that
L−K0 is a trivial link. If L −K0 bounds a disjoint union F of orientable surfaces
F1, ..., Fn with ∂Fi = Ki (i = 1, ..., n) and F ∩K0 = ∅, then K0 is null-homotopic in
S3 \ (L−K0).
Remark 1.6. J. Hillman has pointed out that Corollary 1.5 can be shown by using the
universal covering space of S3 \ (L−K0) as follows: We may construct the maximal
free cover of S3 \ (L −K0) by gluing infinite copies of S3-cut-along-F , for example
see [11, Section 2.2]. Note that the maximal free cover is the universal cover, since
the link ∂F = L −K0 is trivial. If K0 ∩ F = ∅, then K0 lifts to the universal cover,
and hence is null-homotopic in S3 \ (L−K0).
Two n-component links L0 and L1 are concordant if there are mutually disjoint n
annuli A1, ..., An in S
3 × [0, 1] with (∂(S3 × [0, 1]), ∂Aj) = (S3 × {0}, K0j) ∪ (−S3 ×
{1},−K1j) (j = 1, ..., n), where −X denotes X with the opposite orientation. A link
is slice if it is concordant to a trivial link. Since the Milnor invariants are concordance
invariants [2], Theorem 1.1 gives us the following corollary.
HOMOTOPY, ∆-EQUIVALENCE AND CONCORDANCE FOR KNOTS 3
Corollary 1.7. For any Brunnian, slice link L, each component K is null-homotopic
in S3 \ (L−K).
Remark 1.8. Let K be a slice knot which is non-trivial, and K ′ the longitude of a
tubular neighbourhood of K. Then the 2-component link L = K ∪ K ′ is a slice
link. As we saw in Remark 1.2 (1), each component is not null-homotopic in the
complement of the other. Hence the Brunnian property in Corollary 1.7 is necessary.
A ∆-move [19, 15] is a local move on links as illustrated in Figure 1.1. If the
three strands in Figure 1.1 belong to the same component of a link, we call it a
self ∆-move [26]. Two links are said to be ∆-equivalent (resp. self ∆-equivalent) if
one can be transformed into the other by a finite sequence of ∆-moves (resp. self
∆-moves). Note that self ∆-equivalence implies link-homotopy, i.e., if two links are
self ∆-equivalent, then they are link-homotopic. For knots, self ∆-equivalence is the
same as ∆-equivalence.
It is known that a link L in S3 is self ∆-equivalent to a trivial link if and only
if µL(I) = 0 for any I with r(I) ≤ 2 [33, Corollary 1.5]. Even if a link is self ∆-
equivalent to a trivial link, it is not necessarily true that a certain component of the
link is ∆-equivalent to the trivial knot in the complement of the rest components,
where a knot is trivial in the complement of a link if it bounds a disk disjoint from
the link. We study ∆-equivalence of knots in the complement of a certain link.
¢-move
Figure 1.1.
The following theorem is comparable to Corollary 1.5.
Theorem 1.9. Let L = K0 ∪K1 ∪ · · · ∪Kn be an (n+ 1)-component boundary link
such that L − K0 is a trivial link. Then K0 is ∆-equivalent to the trivial knot in
S3 \ (L − K0). In particular, for any Brunnian, boundary link, each component is
∆-equivalent to the trivial knot in the complement of the rest components.
Remark 1.10. (1) As we saw in Remark 1.2 (1), there is a 2-component boundary
link such that each component is not null-homotopic in the complement of the other
component. Since self ∆-equivalence implies link-homotopy, any component is not
∆-equivalent to the trivial knot in the complement of the other component. This
implies that the condition, L − K0 is trivial, in Theorem 1.9 is essential. We also
notice by [29, 33] that L is self ∆-equivalent to a trivial link since L is a boundary
link.
(2) In the last section, we give a 3-component Brunnian link L such that L is self
∆-equivalent to a trivial link, and each component K of L is not ∆-equivalent to the
trivial knot in S3 \ (L − K) (Example 6.2). Since some Milnor invariants of L are
non-trivial, L is not a boundary link. Hence the condition that L is a boundary link
in Theorem 1.9 is necessary.
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For an n-component link L = K1 ∪ · · · ∪ Kn, we denote by W i(L) the link with
the ith component Whitehead doubled. In particular W i(Ki) is the ith component
ofW i(L). Note that L−Ki = W i(L)−W i(Ki). Then we have the following relation
between homotopy of a knot and ∆-equivalence of the Whitehead double of that knot
in the complement of a trivial link.
Theorem 1.11. (cf. [16, Theorem 1.4]) Let L = K0 ∪ K1 ∪ · · · ∪ Kn be an (n +
1)-component link such that L − K0 is a trivial link. The component K0 is null-
homotopic in S3 \ (L−K0) if and only if W 0(K0) is ∆-equivalent to the trivial knot
in S3 \ (L−K0).
It is known that concordance implies link-homotopy [6, 7] and it does not necessar-
ily imply self ∆-equivalence [22, Claim 4.5]. Now we consider an equivalence relation
on links combining self ∆-equivalence and concordance. Two links L and L′ are self-
∆ concordant if there is a sequence L = L1, ..., Lm = L
′ of links such that Li and Li+1
are either concordant or self ∆-equivalent for each i ∈ {1, ..., m−1}. Links up to self
∆-equivalence and concordance have been studied in [28], and [32]. Classification of
string links up to self-∆ concordance is given by the last author [32]. In [27] and [28],
the second author defined an equivalence relation, ∆-cobordism. It is not hard to see
that two links are ∆-cobordant if and only if they are self-∆ concordant.
We consider self-∆ concordance of a certain component of a link while fixing the
rest of the components. i.e., self-∆ concordance of knots in the complement of a
certain link. Two knots K and K ′ in the complements of a link L are self-∆ con-
cordant ( or ∆ concordant ) in S3 \ L if there is a sequence K = K1, ..., Km = K ′
of knots such that Ki and Ki+1 are either ∆-equivalent or concordant in S
3 \ L for
each i ∈ {1, ..., m − 1}, where Ki and Ki+1 are concordant in S3 \ L if there is an
annulus A in (S3 \ L)× [0, 1] with (∂((S3 \ L)× [0, 1]), ∂A) = ((S3 \ L)× {0}, Ki) ∪
(−(S3 \L)× {1},−Ki+1). For knots in the complement of the trivial knot in S3, we
have the following.
Theorem 1.12. Let K and K ′ be knots in the complement of the trivial knot O in
S3. If lk(K,O) = lk(K ′, O) = ±1, then K and K ′ are ∆ concordant in S3 \O.
Remark 1.13. (1) Let K ∪ O be the link illustrated in Figure 1.2, where O is the
trivial knot and K is a trefoil. Let H = O′∪O be the Hopf link with linking number
one. Note that lk(K,O) = lk(O′, O) = 1. It follows from [21, Proposition 2] that
K∪O is not self ∆-equivalent to H . While K is neither ∆-equivalent nor concordant
to O′ in S3 \O, the theorem above implies that they are ∆ concordant in S3 \O.
(2) Let W = K ∪ O be the Whitehead link. Then µW (1122) 6= 0. Since µ(1122) is
invariant under both self ∆-equivalence [5] and concordance [2], K is not ∆ concor-
dant to be trivial in S3 \O. This implies Theorem 1.12 does not hold for lk(K,O) =
lk(K ′, O) = 0. Moreover, in Example 6.5, we show that for any p (|p| ≥ 2), there are
two links K ∪ O and K ′ ∪ O with lk(K,O) = lk(K ′, O) = p such that K ∪ O and
K ′ ∪O are not self-∆ concordant. In particular, K and K ′ are not ∆ concordant in
S3 \O. Hence the condition lk(K,O) = lk(K ′, O) = ±1 is essential.
Let V1 ∪ · · · ∪ Vn be a regular neighborhood of a link Γ = γ1 ∪ · · · ∪ γn in S3. Let
ki be a knot in an unknotted solid torus V˜i ⊂ S3 such that ki is not contained in a
3-ball in V˜i (i = 1, · · · , n). Let li be the linking number of ki and a meridian of V˜i.
Let φi : V˜i → Vi be a homeomorphism which maps a preferred longitude of V˜i onto a
preferred longitude of Vi. We call the image L = K1∪· · ·∪Kn = φ1(k1)∪· · ·∪φn(kn)
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Figure 1.2.
a componentwise satellite link of type (Γ; l1, ..., ln) and Γ the companion of L. The
link in Figure 1.2 is a componentwise satellite link of type (H ; 1, 1) for the Hopf link
H with linking number one. If l1 = · · · = ln = 1, then by Theorem 1.12, each ki is ∆
concordant to the core of V˜i in V˜i. Hence we have the following.
Corollary 1.14. Let L be a componentwise satellite link of type (Γ; 1, ..., 1). Then
L is self-∆ concordant to its companion Γ.
Remark 1.15. (1) Let L be an n-component link which is a componentwise satellite
link of type (Γ; l1, ..., ln). Suppose that Γ is self-∆ concordant to a trivial link O. It is
not hard to see that if Γ is concordant to a link Γ′, then L is concordant to a link which
is a componetwise satellite link of type (Γ′; l1, ..., ln). This and [30, Proposition 1]
imply that L is self-∆ concordant to a link L′ which is a componetwise satellite link of
type (O; l1, ..., ln). Since each component of L
′ is separated from the rest components
by a 2-sphere, it is ∆-equivalent to the trivial knot [19]. This implies that L′ is self
∆-equivalent to O. Hence L and O are self-∆ concordant for any l1, ..., ln.
(2) Let L be a 2-component link which is a componentwise satellite link of type
(Γ; p, q). Then we have that µL(12) = pqµΓ(12) and µL(1122) = p
2q2µΓ(1122) [30,
Lemma 1]. Where µ(12) and µ(1122) are Milnor invariants, which are known to be
concordance invariants [2] and self ∆-equivalence invariants [5]. Suppose that Γ is
not self-∆ concordant to a trivial link. Then by [32, Corollary 1.5], either µΓ(12) or
µΓ(1122) is nontrivial. Hence if L and Γ are self-∆ concordant, then |pq| = 1.
Corollary 1.14 implies the following.
Corollary 1.16. Let L and L′ be componentwise satellite links of type (Γ; ε1, ..., εn)
and (Γ′; ε1, ..., εn) (εi ∈ {−1, 1}), respectively. Then L and L′ are self-∆ concordant
if and only if their companions Γ and Γ′ are self-∆ concordant.
Remark 1.17. (1) Let Γ be a 2-component link which is not self-∆ concordant to
a trivial link. Let L and L′ be componentwise satellite links of type (Γ; p, q) and
(Γ; p′, q′), respectively. By Remark 1.15 (2), if L and L′ are self-∆ concordant, then
|pq| = |p′q′|.
(2) In Example 6.5, we show that for any p (|p| ≥ 2), there are two links L and L′
that are not self-∆ concordant, but are both componentwise satellite links of type
(H ; 1, p) for the Hopf link H .
2. Proof of Theorem 1.1
In order to prove Theorem 1.1, we need the following lemma which is a direct
corollary of [14, Theorem 5.6].
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Lemma 2.1. ([14, Theorem 5.6]) Let F (r) = 〈x1, ..., xr〉 be the free group of rank r.
An element w ∈ F (r) is trivial if and only if the Magnus expansion E(w) of w is
equal to 1.
Although the lemma above follows from [14, Theorem 5.6], the proof is very short,
and so we include it here for the reader’s convenience.
Proof. The ‘only if’ part is obvious. We show ‘if’ part. The proof is essentially the
same as the proof of [14, Theorem 5.6].
Let w = xp1i1 · · ·xpsis be a freely reduced word which represents a nontrivial element,
where pj are non-zero integers and 1 ≤ ik 6= ik+1 ≤ r. It is not hard to see that for
any i and p
E(xpi ) = 1 + pXi +X
2
i fi,
where fi is an infinite power series in Xi. This implies that
E(w) = (1 + p1Xi1 +X
2
i1
fi1) · · · (1 + psXis +X2isfis).
Since 1 ≤ ik 6= ik+1 ≤ r, the coefficient of Xi1 · · ·Xis is p1 · · · ps( 6= 0). Hence
E(w) 6= 1. This completes the proof. 
Proof of Theorem 1.1. First we show the ‘only if’ part. Suppose that K0 is null-
homotopic in S3 \ (L −K0). Let L′ be a link obtained from L by taking a number
of zero-framed parallels of Ki (i = 1, ..., n). Then K0 is also null-homotopic in
S3 \ (L′−K0). In particular, L′ is link-homotopic to a trivial link. Hence all Milnor’s
link-homotopy invariants of L′ vanish. By [18, Theorem 7], µL(I0) = 0 for any
multi-index I with entries from {1, ..., n}.
Now we show ‘if’ part. Set G(L) = pi1(S
3 − L) and Gq(L) (q ≥ 1) the qth lower
central subgroup of G(L). There is the natural homomorphism from G(L)/Gq(L) to
G(L −K0)/Gq(L −K0) so that the ith meridians mi (i = 1, ..., n) of L map to the
ith meridians m′i of L − K0, and the 0th meridian m0 maps to the trivial element
1. Let l be the 0th longitude of L. Then l is written as a word wl(m0, m1, ..., mn)
in G(L)/Gq(L) and a word wl(m
′
1, ..., m
′
n) in G(L−K0)/Gq(L−K0). We note that
wl(1, m1, ..., mn) sends to wl(m
′
1, ..., m
′
n) via the homomorphism above.
The Magnus expansion E(wl(1, m1, ..., mn)) can be obtained from the expansion
E(wl(m0, m1, ..., mn)) = 1 +
∑
µL(h1...hs0)Xh1 · · ·Xhs
by substituting 0 for X0. Hence by the assumption that µL(I0) = 0 for any multi-
index I with entries from {1, ..., n}, we have
E(wl(1, m1, ..., mn)) = E(wl(m
′
1, ..., m
′
n)) = 1.
Since G(L−K0) is a free group, by Lemma 2.1, l is trivial in G(L−K0). 
3. Proof of Theorem 1.9
Let L = K1∪· · ·∪Kn be an n-component link in a 3-manifoldM andB ⊂M a band
attaching a single component Ki with coherent orientation, i.e., B∩L = Ki∩B ⊂ ∂B
consists of two arcs whose orientations from Ki are opposite to those from ∂B. Then
L′ = (L∪∂B)−int(B∩Ki), which is an (n+1)-component link, is said to be obtained
from L by fission (along a band B) in M , and conversely L is said to be obtained
from L′ by fusion (along a band B) in M [13].
The following lemma is shown in [32].
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Lemma 3.1. ([32, Lemma 3.5]) Let L1, L2, L3 be links such that L2 is obtained from
L1 by a single fission, and that L3 is obtained from L2 by a single self ∆-move. Then
there is a link L′2 such that L
′
2 is obtained from L1 by a single self ∆-move, and that
L3 is obtained from L
′
2 by a single fission. Here we call a ∆-move a self ∆-move if
the three strands belong to a link obtained from a single component by fission.
The proof of the following lemma is an easy modification of the proof of [26,
Theorem] (or [23, Theorem 2]).
Lemma 3.2. Let K0 ∪K1 ∪ · · · ∪Kn be an (n+ 1)-component link. If K0 bounds a
ribbon disk (a singular disk with only ribbon singularities) in S3 \ (L−K0), then K0
is ∆-equivalent to the trivial knot in S3 \ (L−K0).
Now we are ready to prove Theorem 1.9. The proof is given by combining Corol-
lary 1.5, and Lemmas 3.1 and 3.2.
Proof of Theorem 1.9. Let F0∪F1∪· · ·∪Fn be a disjoint union of orientable surfaces
with ∂Fi = Ki (i = 0, 1, ..., n) and Fi ∩ Fj = ∅ (i 6= j). Let G be a bouquet graph
which is a spine of F0, i.e., G consists of 2g loops C1, ..., C2g and a point P with
Ci∩Cj = P (i 6= j), and G is a deformation retract of F0, where g is the genus of F0.
We may assume that F0 consists of a disk D and bands b1, ..., b2g so that D contains
P and bi ∪D is an annulus with the core Ci for each i. By Corollary 1.5, each Ci is
homotopic to P in S3 \ (L−K0). Hence G is homotopic to P in S3 \ (L−K0) with P
fixed. This implies that F0 can be transformed into a surface F
′
0 that is contained in
a 3-ball B3 ⊂ S3\(L−K0) by band-pass moves between bi and bj (1 ≤ i ≤ j ≤ 2g) as
illustrated in Figure 3.1. Therefore ∂F0 = K0 can be transformed into an algebraically
split link L0 in B
3 by a finite sequence of fissions as illustrated in Figure 3.2, where a
link is algebraically split if the linking numbers of its all 2-component sublinks vanish.
Hence L0 is ∆-equivalent to a trivial link in B
3 [19]. It follows from Lemma 3.1 that
there is a knot K ′0 such that K
′
0 is ∆-equivalent to K0 in S
3 \ (L − K0) and is
transformed into a trivial link by a finite sequence of fissions in S3 \ (L −K0). We
note that K ′0 is a ribbon knot and K
′
0 bounds a ribbon disk in S
3 \ (L −K0). This
and Lemma 3.2 imply that K ′0 is ∆-equivalent to the trivial knot in S
3 \ (L −K0).
This completes the proof. 
bi bj
Cj
Ci
Figure 3.1. Band-pass moves between bi and bj
fission
Figure 3.2.
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4. Proof of Theorem 1.11
Habiro [10] and Goussarov [8] independently introduced the notion of a Ck-move.
A Ck-move is a local move on links as illustrated in Figure 4.1, which can be regarded
as a kind of ‘higher order crossing change’. In particular, a C1-move is a crossing
change and a C2-move is a ∆-move. We call a Ck-move a self Ck-move if all the
strands belong to the same component of a link. The (self) Ck-move generates an
equivalence relation on links, called (self) Ck-equivalence, which becomes finer as k
increases. This notion can also be defined by using the theory of claspers [10].
Ck-move
0 1 2 k-1 k 0 1 2 k-1 k
Figure 4.1. A Ck-move involves k+1 strands of a link, labelled here
with the integers from 0 to k.
The first and the last authors [5] showed that any Milnor invariant µ(I) with
r(I) ≤ k is a self Ck-equivalence invariant. The proof of [5, Theorem 1.1] implies the
following proposition. Note that this proposition is a generalization of the ‘only if’
part of Theorem 1.1.
Proposition 4.1. Let L be an n-component link. If the ith component K is Ck-
equivalent to the trivial knot in S3 \ (L−K), then µL(I) = 0 for any multi-index I
with entries from {1, ..., n} such that the index i appears in I at least once and at
most k times.
The ‘only if’ part of Theorem 1.11 holds for more general setting as follows. Let
W i(L) be the link obtained from L by Whitehead doubling the ith component of L.
Proposition 4.2. Let L = K0 ∪K1 ∪ · · · ∪Kn be an (n+ 1)-component link. If K0
is null-homotopic in S3 \ (L−K0), then W 0(K0) is ∆-equivalent to the trivial knot
in S3 \ (L−K0).
Proof. LetK ′0 be a knot obtained fromK0 by a single crossing change in S
3\(L−K0).
Then W 0(K ′0) is obtained from W
0(K0) by a local move as illustrated in Figure 4.2,
which is realized by ∆-move (for example see [31]) in S3 \ (L −K0). It follows that
W 0(K0) is ∆-equivalent to a Whitehead doubled trivial knot, which is also trivial,
in S3 \ (L−K0). This completes the proof. 
Proof of Theorem 1.11. The ‘only if’ part follows from Proposition 4.2.
We show the ‘if’ part. Suppose that K0 is not null-homotopic in S
3 \ (L − K0).
Then, by Theorem 1.1, there is a multi-index I with entries from {1, ..., n} such that
µL(I0) 6= 0. This and [16, Theorem 1.1] imply that µW 0(L)(II00) 6= 0. Proposition 4.1
completes the proof. 
5. Proof of Theorem 1.12
Theorem 1.12 follows from the proposition below.
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Figure 4.2.
Proposition 5.1. Let K be a knot in a solid torus V ⊂ S3 with a meridian disk M
such that K intersects M transversely. Assume that lk(∂M,K) = p 6= 0 and that
|M ∩ K| = |p| + 2q (q > 0). Then by performing (|p| + q) fissions in V , K can be
transformed into L1 ∪ L2 that satisfies the following: L1 is p zero-framed parallels of
the core c of V , and L2 is an algebraically split link with (q + 1)-components in a
3-ball in V −L1. The curves in L1 have orientation consistent with V if p is positive,
and the opposite orientation if p is negative.
In order to prove Proposition 5.1, we need the following lemma.
Lemma 5.2. Let K andM be as in Proposition 5.1. There is a sequence of q fissions
that transforms K into an algebraically split link K ′ ∪L′ such that K ′ is a knot with
|lk(∂M,K ′)| = |M ∩K ′| = |p| and L′ is a q-component link in V −M .
Proof. First, we inductively transform K into a link Kq∪Lq, which is not necessarily
algebraically split, such that Lq is contained in V −M and |lk(∂M,Kq)| = |M∩Kq| =
|p|.
[1st Step] Choose two points a1 and b1 in M ∩K so that
(1) sign(a1) = 1, sign(b1) = −1 and
(2) there is a subarc α1 in K with M ∩α1 = ∂α1 = {a1, b1} such that the orientation
from a1 to b1 along α1 is as same as that of K.
Let γ1 be an arc in M with γ1 ∩ K = ∂γ1 = {a1, b1}, and let N(γ1) be a fission
band of K which is an I-bundle over γ1 with N(γ1) ∩ M = γ1. By fission along
N(γ1), we have a new link K
1 ∪ K(1) from K, where K1 ∩ α1 = ∅. Note that
M ∩ (K1 ∪K(1)) = M ∩K1, see Figure 5.1.
[2nd Step] Choose two points a2 and b2 in M ∩K1 so that
(1) sign(a2) = 1, sign(b2) = −1 and
(2) there is a subarc α2 in K
1 with M ∩α2 = ∂α2 = {a2, b2} such that the orientation
from a2 to b2 along α2 is as same as that of K
1.
Let γ2 be an arc in M with γ2∩K1 = ∂γ2 = {a2, b2}, and let N(γ2) be a fission band
of K1 which is an I-bundle over γ2 with N(γ2) ∩M = γ2. By fission along N(γ2),
we have a new link K2 ∪K(1) ∪K(2) from K1 ∪K(1), where K2 ∩ α2 = ∅.
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M
a1
b1
䃒㻝
䃐㻝
K
fission
K 
(1)
K 
1
Figure 5.1.
Running this process until the q-th step, we have Kq∪Lq = Kq∪(K(1)∪· · ·∪K(q))
with M · (Kq ∪Lq) =M ·Kq = lk(∂M,Kq) = lk(∂M,K). From the construction, Lq
is a q-component link in V −M . Now we show that we can choose γ1, ..., γq so that
Kq ∪ Lq is an algebraically split link.
Set Kq = K(q+1) and li,j = |lk(K(i), K(j))| (1 ≤ i < j ≤ q + 1). Then we have a
vector
(l1,2, l1,3, ..., l1,q+1, l2,3, l2,4, ..., l2,q+1, ..., lq−1,q, lq−1,q+1, lq,q+1).
This vector depends on the choice of γ1, ..., γq. We denote the vector by v(γ1, ..., γq).
We choose arcs γ1, ..., γq so that v(γ1, ..., γq) is the minimum under the lexicographic
order. If v(γ1, ..., γq) is a non-zero vector, then we have that li,j 6= 0 for some
1 ≤ i < j ≤ q + 1.
Case 1: When i 6= q and lk(K(i), K(j)) > 0 (resp. < 0), we choose a disk Dj which
is a regular neighborhood of aj in M with lk(∂Dj , K) = 1 (resp. = −1). Let B be a
band attached to both ∂Dj and γi with coherent orientation, see Figure 5.2.
B
ai
biÁi aj
Dj Bai
biÁi aj
Djor
Figure 5.2.
We may assume that (Dj∪B)∩K = Dj∩K = aj . Let γ′i = γi∪∂(B∪Dj )−int(γi∩
B) be an arc obtained from γi∪∂Dj by fission along B. For γ1, ..., γi−1, γ′i, γi+1, ..., γq,
we have a new vector v(γ1, ..., γi−1, γ
′
i, γi+1, ..., γq) = (l
′
1,2, ..., l
′
q,q+1). By the construc-
tion of γ′i, we note that l
′
i,j = li,j − 1 and that if l′s,t 6= ls,t, then s ≥ i and t ≥ j. This
contradicts the minimality of the choice of γ1, ..., γn.
Case 2: When i = q. Let an+1 be a point in K
q ∩M . Then by arguments similar
to that in Case 1, we also have a contradiction. 
Proof of Proposition 5.1. Let K ′ ∪ L′ be a link as in Lemma 5.2. Push the 3-ball
V − intN(M) into the interior of V and let the result be B3. Then K ′ ∩ (V − B3)
consists |p| arcs {c1, ..., c|p|} × [0, 1], where {c1, ..., c|p|} = K ′ ∩M . Then we can take
|p|-bands in V − B3 so that fission along the |p|-bands transforms K ′ ∪ L′ into the
union of the p zero-framed parallels L1 of the core of V and the link L2 with (q+1)-
components in B3. Since L2 is an algebraically split link, L1 ∪L2 is the required link
in the proposition. 
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Proof of Theorem 1.12. Let K and K ′ be knots in a solid torus V ⊂ S3, which is the
complement V of the trivial knot O, with lk(∂M,K) = lk(∂M,K ′) = 1, where M is
a meridian disk of V with ∂M = O.
Suppose that K intersectsM transversely and |M∩K| = 1+2q. From Proposition
5.1, there are (1 + q) fissions in V which transform K into L1 ∪ L2 such that L1 is
the core of V and L2 is an algebraically split link with q components in a 3-ball B
3
in V − L1. Since an algebraically split link is ∆-equivalent to a trivial link [19], L2
is ∆-equivalent to a trivial link in B3. This implies that K can be transformed into
a link L1 ∪ L2 by a finite number of fissions, and L1 ∪ L2 into a split sum of L1 and
a trivial link by self ∆-moves. (Recall that a self ∆-move means a ∆-move whose
three strands belong to a link obtained from a single component by fissions.) By
Lemma 3.1, there is a knot K ′′ such that K is self ∆-equivalent to K ′′ and K ′′ is
concordant to L1.
By a similar argument, K ′ is ∆ concordant to L1 and hence ∆ concordant to
K. 
6. Examples
Example 6.1. Let L = K1 ∪K2 ∪K3 be the closure of the 3-string link as illustrated
in Figure 6.1, which is represented as a trivial string link with claspers. Roughly
speaking, each clasper can be replaced with a tangle as illustrated in Figure 6.2. For
a precise definition, see [10]. Note that L is a Brunnian link. By using the calculation
method described in [33, Remark 5.3], we have µL(I) = 0 for any I with |I| ≤ 3, and
|µL(3213)| = |µL(1231)| = 1. In particular, µL(I) = 0 for any I with r(I) = 1, hence
L is link-homotopic to a trivial link. Since µ has ‘cyclic symmetry’ [18, Theorem 8],
|µL(3321)| = |µL(1332)| = |µL(1123)| = 1. It follows from Corollary 1.3 that any
component Ki is not null-homotopic in S
3 \ (L−Ki) (i = 1, 2, 3).
1
3
2
Figure 6.1.
=
Figure 6.2.
Example 6.2. Let L = K1 ∪K2 be the closure of the 2-string link illustrated in Fig-
ure 6.3. Note that L is a Brunnian link. Then, by using the calculation method
described in [33, Remark 5.3], we have µL(I) = 0 for any I with |I| ≤ 5, and
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|µL(222211)| = |µL(111122)| = 2. It follows from [33, Corollary 1.5] and Proposi-
tion 4.1 that L is self ∆-equivalent to a trivial link and any component Ki is not
∆-equivalent to a trivial knot in S3 \ (L −Ki) (i = 1, 2). In contrast, we notice by
Remark 1.4 that each component Ki is null-homotopic in S
3 \ (L−Ki).
1
2
Figure 6.3.
For any k ≥ 2, there are knots that are Ck-equivalent to the trivial knot and
not Ck+1-equivalent to the trivial knot [24]. Let L be a link which is a split sum
of such knots. Then each component K of L is Ck-equivalent to the trivial link in
S3 \ (L−K) and is not Ck+1-equivalent to the trivial link in S3 \ (L−K). It seems
to be uninteresting. Hence we show that for each k ≥ 2, there is a Brunnian 2-
component link L such that each component K of L is Ck−1-equivalent to the trivial
knot and is not Ck-equivalent to the trivial knot in S
3 \ (L−K).
Example 6.3. Let Lk (k ≥ 2) be the 2-component link as illustrated in Figure 6.4.
Then each component of Lk is not Ck-equivalent to the trivial knot in the complement
of the other component, but is Ck−1-equivalent to the trivial knot in the complement
of the other component.
1 2 k
12k
Lk
c1
c2
Figure 6.4.
Remark 6.4. In the proof of Example 6.3, we show that µLk([p, q]) = 0 for any
p, q (p + q ≤ 2k, p 6= q) and µLk([k, k]) = −2, where µ([p, q]) denotes µ(11...122...2)
with 1 appearing p times and 2 appearing q times.
Proof. First we compute the Conway polynomial∇Lk(z) mod z2k. By changing/splicing
the two crossings c1 and c2 in Figure 6.4, we have
∇Lk = ∇H(z)− z∇Kk − z2∇L′k ,
where H is the Hopf link with ∇H(z) = z, Kk is the knot as illustrated in Figure 6.5
and L′k is the link as illustrated in Figure 6.6.
Note that L′k is C2k−2-equivalent to a trivial link. Since the finite type invariants of
order ≤ m − 1 are invariants for Cm-equivalence [10], and since the zm−1-coefficient
am−1 of the Conway polynomial is a finite type invariant of order ≤ m−1 [1], we have
∇L′
k
(z) ≡ 0 mod z2k−2. Hence we have ∇Lk(z) ≡ z− z∇Kk mod z2k. Moreover, since
HOMOTOPY, ∆-EQUIVALENCE AND CONCORDANCE FOR KNOTS 13
1 2 k
12k
Kk
Figure 6.5.
1 2 k
12k
L'k
Figure 6.6.
Lk is C2k−1-equivalent to a trivial link, ∇Lk(z) ≡ 0 mod z2k−1. This implies that
∇Lk(z) ≡ −a2k−2(Kk)z2k−1 mod z2k. Therefore, it is enough to compute ∇Kk(z).
We compute the Alexander-Conway polynomial in order to have ∇Kk(z). For a
Seifert surface F of Kk and a basis x1, ..., x2k−2, y1, ..., y2k−3, z of H1(F ;Z) as illus-
trated in Figure 6.7, we have the following Seifert matrix with respect to the basis
M(Kk) =


O(2k−2)×(2k−2) A(2k−2)×(2k−3)
1
0
...
0
−1
B(2k−3)×(2k−2)
1 0 · · · 0
0 0 · · · 0
...
...
...
0 0 · · · 0
0
...
...
0
0 · · · 0 −1 0 0 · · · 0 0


,
where O(2k−2)×(2k−2) is the (2k − 2)× (2k − 2) zero matrix, A(2k−2)×(2k−3) = (aij) is
a (2k − 2)× (2k − 3) matrix with
aij = lk(x
+
i , yj) =


1 if i = j,
−1 if i ≥ 3 is odd and j = i− 1,
0 otherwise,
and B(2k−3)×(2k−2) = (bij) is a (2k − 3)× (2k − 2) matrix with
bij = lk(y
+
i , xj) =


1 if i = j,
−1 if i is odd and j = i+ 1,
0 otherwise.
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Figure 6.7.
For example, when k = 4, then
A6×5 =


1 0 0 0 0
0 1 0 0 0
0 −1 1 0 0
0 0 0 1 0
0 0 0 −1 1
0 0 0 0 0


, and B5×6 =


1 −1 0 0 0 0
0 1 0 0 0 0
0 0 1 −1 0 0
0 0 0 1 0 0
0 0 0 0 1 −1

 .
Then, the Conway polynomial ∇K4(
√
t
−1 − √t) = |√t−1M(K4) −
√
t(M(K4))
T | is
the product of∣∣∣∣∣∣∣∣∣∣∣∣∣∣
√
t
−1 −√t 0 0 0 0 √t−1√
t
√
t
−1 −√t 0 0 0 0
0 −√t−1 √t−1 −√t 0 0 0
0 0
√
t
√
t
−1 −√t 0 0
0 0 0 −√t−1 √t−1 −√t 0
0 0 0 0
√
t
√
t−√t−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
and∣∣∣∣∣∣∣∣∣∣∣∣∣∣
√
t
−1 −√t −√t−1 0 0 0 0
0
√
t
−1 −√t √t 0 0 0
0 0
√
t
−1 −√t −√t−1 0 0
0 0 0
√
t
−1 −√t √t 0
0 0 0 0
√
t
−1 −√t −√t−1
−√t 0 0 0 0 √t−√t−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
Hence we have
∇K4(
√
t
−1 −√t) = ((−1)3 − (√t−1 −√t)6)((−1)5 − (√t−1 −√t)6)
= 1 + 2(
√
t
−1 −√t)6 + (√t−1 −√t)12.
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In general,
∇Kk(
√
t
−1 −√t) = ((−1)k−1 − (√t−1 −√t)2k−2)((−1)k+1 − (√t−1 −√t)2k−2)
= 1 + (−1)k2(√t−1 −√t)2k−2 + (√t−1 −√t)4k−4.
This implies
∇Lk(z) ≡ −(−1)k2z2k−1 mod z2k.
On the other hand, we note that Lk is obtained from the trivial knot by surgery
along C2k−1-tree T such that the number of leaves that intersect the ith component
is equal to k for each i (i = 1, 2) (see Figure 6.2). It follows from the proof of [5,
Lemma 1.2] that each component of Lk is Ck−1-equivalent to the trivial knot in the
complement of the other component. Hence by Proposition 4.1, µLk(I) = 0 for any
multi-index I with entries from {1, 2} such that either the index 1 or 2 appears in I
at most k − 1 times. By [20, Theorem 4.1] (or [3, Theorem 4.1]), we have
(−1)k−1µLk([k, k]) =
∑
p+q=2k
(−1)q−1µLk([p, q]) = −a2k−1(Lk) = (−1)k2,
and hence µLk([k, k]) = −2. Proposition 4.1 implies that each component of Lk is
not Ck-equivalent to the trivial knot in the complement of the other component. 
We finish this section by presenting infinitely many pairs L+p ∪L−p of componentwise
satellite links of type (Γ; 1, p)(|p| ≥ 2) such that L+p is not self-∆ concordant to L−p .
Example 6.5. Let L+p (resp. L
−
p ) be the link with linking number p as illustrated in
the left of Figure 6.8 with T+p (resp. T
−
p ) representing the braid σ1σ2 · · ·σ|p|−1 (resp.
σ−11 σ2 · · ·σ|p|−1) if p > 0 and σ|p|−1 · · ·σ2σ1 (resp. σ|p|−1 · · ·σ2σ−11 ) if p < 0. Note that
both L+p and L
−
p are componentwise satellite links of type (H ; 1, p) for the Hopf link
H . L+p and L
−
p are not self-∆ concordant.
Tp}
L4+ L4|
Figure 6.8.
Proof. Set ε = p/|p|. Let L0p be the link obtained from L+p by smoothing the crossing
which corresponds to σ1. Then by the definition of the Conway polynomial, we have
a4(L
+
p )− a4(L−p ) = a3(L0p),
where ak is the coefficient of z
k in the Conway polynomial. By [12], we have a3(L
0
p) =
p− ε. For a 2-component link L = K1 ∪K2, it is known that a4(L) ≡ µL(1122) mod
µL(12) [20], [3], and µL(12) = lk(K1, K2) = p. Hence we have
µL+p (1122)− µL−p (1122) ≡ a4(L+p )− a4(L−p ) = a3(L0p) = p− ε ≡ −ε mod p.
Since µ(1122) is a self-∆ concordance invariant [5], we have the conclusion. 
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